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The numerical analysis performed here, using a ﬁnite element network model, provides a number of important results
regarding the evolution of micro fractures in planar random ﬁber networks where the only active microscopic fracture
mechanism is bond fracture. The ﬁbers are randomly distributed in the network meaning that the network is considered
having in-plane isotropic properties on the macroscopic scale. The network is loaded so that, in an average sense, homog-
enous macroscopic stress and strain ﬁelds are present.
Several conclusions are drawn. It is found that the development of macroscopic material degradation follows an expo-
nential two-parameter law, consisting of an onset parameter and a fracture rate parameter, justifying a previous theory
derived by the authors. The fracture rate parameter is linearly related to the inverse of the bond density above a certain
density limit (percolation) and increases with increasing slenderness ratio of the ﬁbers when keeping the bond density at a
constant level. The strain energies stored in interﬁber bonds are exponentially distributed over the whole network. The
numerical analysis reveals that there is a linear relation between the ratio of fractured and initial number of loaded bonds,
and the network’s macroscopic material stiﬀness normalized with its pristine stiﬀness, conﬁrming earlier ﬁndings based on
experimental observations. At localization the analyzed theory looses its validity because the fracture process is no longer
randomly distributed over the whole network. Localization coincides with location of peak load in force–displacement ten-
sile tests.
 2007 Elsevier Ltd. All rights reserved.
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A paper material consists of an approximately planar network of cellulose ﬁbers oriented in a random man-
ner as illustrated in Fig. 1. The ﬁbers have an inherent capability to form bonds between them without any
additives. Generally, a paper material is considered as a progressively fracturing material where the material
degradation mechanism is a combination of bond and ﬁber breakage. However, for open network structures0020-7683/$ - see front matter  2007 Elsevier Ltd. All rights reserved.
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Fig. 1. Randomly distributed ﬁber network.
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The coupling between the degree of bond breakage and the reduction of the material’s macroscopic stiﬀness is
not well understood. The principle objective of this study is to analyze the post-elastic behavior of an idealized
ﬁber network undergoing bond fracture and to investigate in which way the bond fractures inﬂuences degra-
dation of the network’s macroscopic stiﬀness.
In a recent study (Isaksson and Ha¨gglund, 2007) a theory for bond fracture in an idealized ﬁber network
was derived via Griﬃth’s energy balance (e.g. Rice, 1978). Attention was conﬁned to a purely mechanical the-
ory assuming isothermal processes and utilizing theories from statistical physics. Generally, statistical physics
acts as bridge between the microscopic and macroscopic thermodynamic description of a system (cf. Reif,
1985). Boltzmann’s deﬁnition of entropy was used as a measure of the disorder arising in the network as a
result of bond fractures. It was assumed that bond fractures occur when the local elastic strain energy on a
microscopic scale, i.e. energy stored in a bond, exceeds a certain threshold value. By using principles of linear
elasticity, the fracture theory was rewritten so that the equations were expressed in terms of macroscopic
parameters only. Only a brief presentation of some key equations in the theory is made here and the interested
reader is advised to the abovementioned paper for a comprehended derivation.
The considered network consists of N randomly distributed bonds that are subjected to mechanical load,
not including the unloaded bonds situated on dead-end branches of the ﬁber network. The ﬁbers are randomly
distributed throughout the network, meaning that the network is considered having in-plane isotropic prop-
erties on the macroscopic scale. The network is further assumed loaded so that in an average sense a homog-
enous macroscopic stress ﬁeld rij and a homogenous macroscopic elastic strain ﬁeld eeij are present. An
estimation of the cumulative number of bond breaks n obtained up to a certain load is according to the theory
given byn ¼ N ½1 ebðW =W 01Þ; for W P W 0; ð1Þ
where W is a ﬁctive macroscopic parameter deﬁned as the maximum elastic strain energy density of a nonfrac-
tured network obtained in the load history and W 0 is the macroscopic strain energy density at onset of the
bond fracture processes and can for paper materials be estimated in experiments (e.g. acoustic emission).
Using established theories of mechanics; for a uniaxial loading case in the x1-direction, consider the macro-
scopic strain state ee11 ¼ ee and all other eij ¼ 0, then W is given by W ¼ 12E0e2e where E0 is the macroscopic
elastic modulus of the pristine state. The elastic strain energy density W can be seen as the driving force
for creating bond fractures.
The relation (1) yields in the range n  1 and n  N because of assumptions and simpliﬁcations made. The
rate of bond fractures in (1) is governed by the dimensionless parameter b, which depends on inherent prop-
erties of the network (ﬁber and bond densities, ﬁber geometry, bond strength, etc.), according tob ¼ W 0
hq
: ð2ÞIn (2), q ¼ N=V is the bond density, i.e. the number of bonds per unit volume V. h is a positive constant, hav-
ing the dimension energy, and quantiﬁes the energy scale that separates the bond energies throughout the net-
work; the higher h becomes, the larger variations exist among the bond strain energies in the network. The
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before total failure (quasi ductile).
In Isaksson et al. (2006), it was from an experimental standpoint (acoustic emission) estimated that mac-
roscopic damage in paper structures develops according to an exponential damage evolution law, supporting
the use of (1). From experiments on in-plane isotropic paper sheets (Isaksson and Ha¨gglund, in press) it was
reported that the macroscopic isotropic in-plane elastic modulus E is linearly related to the total number of
bond breaks n (per unit volume) according toE ¼ ð1 n=N 0ÞE0: ð3Þ
Here, the parameter N 0 is solely a normalizing constant. Despite some experimental observations it is some-
what diﬃcult to judge the validity of relations (1) and (3). Moreover, in experiments it is seen that when local-
ization takes place the fracture process changes from a two-dimensional randomly distributed process to a
one-dimensional process (coalescence of micro fractures) whereupon (1) and (3) becomes invalid.
In the past, network models have been used to study the inﬂuence of micro level parameters on the mac-
roscopic stiﬀness for paper materials (cf. Yang, 1975; Rigdahl et al., 1984; or Jangmalm and O¨stlund, 1995).
Evolution of microscopic fracture in idealized networks and its localization has been the subject of several
investigations (cf. Heyden and Gustafsson, 1998; Ritala and Huiku, 1989; or A˚stro¨m and Niskanen, 1993).
The principal reason for the present investigation is to use a physical model (ﬁnite element network model)
to validate the theory derived in Isaksson and Ha¨gglund (in press). The relations (1) to (3) are evaluated
for a range of inherent properties of the network. The statistical distribution of bond energies is investigated
and in which way it is linked to the network’s micro-structural properties. The fracture rate parameter b in (1)
and (2) is discussed and its relation to the network’s inherent properties such as density and ﬁber geometry is
examined. Finally, the relation between N 0 in (3) and N, the total number of loaded bonds in the network, is
explored. It is possible to draw analogies between the present network theory and other fracture theories for
ﬁber-based materials, such as ﬁber bundle models (cf. Phoenix and Beyerlein, 2000) or discrete lattice models
(cf. Herrmann and Roux, 1990).
2. Network model
The resulting fracture patterns emerging from bond fractures when imposing mechanical load to a ﬁber net-
work is studied using a physical model. The ﬁber structure and material response is highly idealized. The evo-
lution of fracture in a two-dimensional random ﬁber network (RFN) is analyzed using a network model (i.e.
no out-of-plane deformations) implemented in a ﬁnite element model.
When putting together a ﬁnite element network model one need to be cautious about the physical limita-
tions of the element formulations. It is well known that if the ratio between segment length (distance between
adjacent bonds) and segment width is >10, the classical Euler–Bernoulli’s engineering beam theory is satisfac-
tory. For shorter segment lengths, Timoshenko engineering beam theory may be used (cf. Shames and Dym,
1985). Strictly, for very short segment lengths one needs to incorporate 2D plane stress elements (e.g. Zie-
nkiewicz and Taylor, 1989). In the present investigation the model is accomplished using two-dimensional ﬁrst
order linear-elastic Timoshenko beams that can be stretched and bent. A rectangular periodic domain (unit-
cell) of size L L with a unit thickness subjected to a monotonically increasing nominal strain is studied. To
ensure that the ﬁber and bond densities are evenly distributed over the network some precautions are made
when generating the networks. With reference to Fig. 2, the ﬁber sections that extends outside the periodic
domain in the mesh generation procedure are moved a unit-cell length in the preferred direction in order
to be located in the cell. This procedure is in detail explained in Heyden (2000).
To further simplify matters, the ﬁbers are assumed to have a rectangular cross-section. The dimension of
the randomly distributed network is characterized by the ﬁber length l, ﬁber width w and unit thickness t. The
Young’s modulus of each ﬁber is denoted Ef . The ﬁbers are elastically coupled at each intersection (bond) by a
stiﬀ (relative the ﬁber structural element) spring element in order to capture how much elastic strain energy
there is stored in individual bonds. The network consists of total N bonds, resulting in a bond density q bonds
per unit volume. For simplicity, the spring elements representing the bonds are assumed to have circular
domains with a diameter equal to the ﬁber width and vanishing thickness. Hence, the cross-section area of
Fig. 2. Illustration of ﬁber modiﬁcation to secure that ﬁber and bond densities is similar over the network.
R. Ha¨gglund, P. Isaksson / International Journal of Solids and Structures 45 (2008) 868–878 871a bond element is given by pw2=4 and its polar moment of inertia is given by pw4=64. A mathematical descrip-
tion of the structural bond element is found in Appendix. The connection represents stiﬀness against relative
motion between connected ﬁbers in both translation and rotation. It has been shown by Rigdahl et al. (1984)
that the bond stiﬀness has no signiﬁcant eﬀect on the stress distribution in the network unless the bond stiﬀness
is much lower than the ﬁber modulus.
The model is solved using well-established ﬁnite element algorithms for small deformation theory. The
numerical scheme is implemented in the Matlab (2002) code. The intention is to create an approximately uni-
axial and homogenous strain ﬁeld on the macroscopic level. A type of periodic straight boundary condition
has been applied that simulates the response of a unit cell of the material when a small piece of the material
is subjected to uniaxial loading. The routine incrementally increases the nominal strain of the system by apply-
ing a uniform prescribed displacement along one horizontal boundary while the opposite horizontal boundary
is restrained from moving in the loading direction. The vertical boundaries are restrained straight throughout
loading even though they can move freely in the vertical direction. The rotational degrees of freedoms are
restrained along the boundaries to fulﬁll the condition of periodic straight boundary conditions.
The network is considered quasi-static, hence the potential energy of the system is well deﬁned and estima-
tions of macroscopic stress rij and elastic strain eeij at each load increment are determined by the total reaction
forces and displacements of the boundaries. Fiber–ﬁber bond failure is the only considered fracture mecha-
nism and an energy criterion is used to control bond failure. A bond break occurs in the model when the elas-
tic strain energy k stored in a bond element between two ﬁber structural elements is suﬃcient to overcome a
threshold resistance k0, which is equal for all bonds. The bond threshold k0 represents every dissipation pro-
cess associated with breaking a ﬁber bond. Modeling the bonds as structural elements allows one to easily
compute the elastic strain energy stored in the bonds by standard methods in the ﬁnite element framework.
Because of numerical eﬃciency, all bond elements that have exceeded the threshold energy (i.e. fractured)
are in the computations erased by assigning their stiﬀness close to zero (i.e. several orders of magnitude less
than the ﬁber stiﬀness) in the global stiﬀness matrix. Thereby the ﬁbers at the broken intersections are allowed
to move in an unrestrained manner without a need of any updating routine for the network mesh.3. Results and discussion
Throughout all computations the structural elements in the considered networks have a unit thickness t and
a ﬁber length l that are constant. To simplify matters, the length of the unit cell is always L ¼ 2l in the pre-
sented results. In addition, the ﬁber elements length-to-width ratio is in the range 50 6 l=w 6 200 in all con-
sidered networks, which are representative for typical paper materials (cf. Niskanen, 1998). Examples of
networks having relatively low and high densities are shown in Fig. 3.
Fig. 4 shows computed (FEM) and normalized force–displacement curves for the two networks in Fig. 3
illustrated together with an experimentally measured force–displacement curve for a typical tissue-type paper
(i.e. open network structure paper). One observes that peak load, initial stiﬀness and displacement at peak
load increases as the network’s density increases. It is also observed that the shape of the simulated curves
strongly resembles true force–displacement curves of paper materials such as tissue and leaves conﬁdence
Fig. 3. (a) Low-density network with q  50 bonds per unit volume and (b) high-density network with q  2400 bonds per unit volume. In
both cases is the geometric conﬁguration of the networks given by l=w ¼ 100.
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Fig. 4. Examples of simulated force–displacement curves obtained at diﬀerent bond densities. Force and displacement is denoted P and U,
respectively. (a) q  50 bonds per unit volume and (b) q  2400 bonds per unit volume. The lower-case letters a–i will be referred to later.
For the sake of comparison, an experimentally obtained force–displacement curve for a tissue-type paper is also shown in the graph. The
values are normalized with Ef , t and L, which are same in the shown cases.
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sity networks since the latter consists of fewer loaded bonds and consequently each bond fracture has greater
impact on the network’s macroscopic stiﬀness. In previous investigations by the authors (cf. Ha¨gglund and
Isaksson, 2006; or Isaksson et al., 2006) it is reported that from a phenomenological standpoint, a simple con-
tinuum damage model can describe progressive fracture of tissue papers. However, it has been observed that
the load-deformation response of this class of material demands that the damage evolution law is exponential.
A primary objective of the present investigation is to ﬁnd out if a physical model of the material can explain
the exponential nature of the damage evolution law and establish a coupling between structural properties,
such as ﬁber dimensions, to parameters in the damage law.
3.1. Visualization of the localization process
It is well established that fracture of paper can be divided into two separate phases. Prior to peak load, the
failures at microscopic level are evenly distributed over the whole system (cf. Alava and Ritala, 1990; or Herr-
mann and Roux, 1990) whereupon the failure processes occurs at random locations throughout the network.
At post-peak load elongation, the micro failure processes come together (coalesce) in a band of ﬁnite size and
eventually form a macroscopic fracture (cf. Heyden and Gustafsson, 1998). This behavior is observed in
Fig. 5, which shows a typical fracture evolution in a network. The plotting sequence a–i illustrates the devel-
opment of bond fractures in the network (q  2400 bonds per unit volume) during the loading process and
Fig. 5. The sequence of plots a–i illustrates development of bond fractures in the network during a loading process. The dots indicate
‘‘new’’ fractures developed since the previous image.
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random two-dimensional process to a localized one-dimensional around location e in Fig. 5. Thus, it is here
conﬁrmed that the ﬁnal macroscopic fracture localizes in the vicinity of peak load (point e in Fig. 4b). One
may further observe that the width of the ﬁnal localized band is of the same magnitude as the ﬁber length
l, hence supporting earlier reported results, among others Heyden (2000).3.2. Stiﬀness reduction of the ﬁber network
It is necessary to establish a relation between the number of broken bonds n and the reduction of the net-
work’s macroscopic stiﬀness to judge the validity of (3) and to be able to obtain a relation between N 0 and N.
On the macroscopic scale the degree of material degradation is reﬂected in the network’s stiﬀness reduction.
Denote the total network stiﬀness K and its pristine (nonfractured) stiﬀness K0. The computed macroscopic
stiﬀness degradation of the network is shown in Fig. 6 as function of the fraction of bond fractures n=N
for some diﬀerent bond densities and geometrical properties. In earlier studies (cf. A˚stro¨m and Niskanen,
1993) it is reported that the localization behavior is a one-dimensional uncorrelated process rather than being
growth of one critical defect. These two phases, prior and after localization, can be seen as piece-wise approx-
imately linear regimes in Fig. 6.
The result in Fig. 6 suggests that stiﬀness degradation can, up to the point of localization, be linearly related
to the cumulative number of bond fractures according to n=N ¼ 1 K=K0. Hence the numerically obtained
results seem to support Eq. (3). Additionally, the numerical study indicates that the normalization constant
in (3) is equal to the number of loaded bonds in the network, i.e. N 0 ¼ N . The fraction 1 n=N reﬂects the
internal load carrying area of the network and it is stressed that N is a representative value of the characteristic
number of loaded bonds per unit volume as discussed in Section 1. At localization the approximate relation
n=N ¼ 1 K=K0 looses its validity because the fracture process is no longer randomly distributed over the
whole network. It is observed that localization coincides with location of peak load, Fig. 6. One may further
observe in Fig. 6 that the approximation n=N ¼ 1 K=K0 seems to become more accurate for high-density
networks, which can be explained by a more evenly distributed fracture process because of that the number
of loaded (active) bonds is signiﬁcantly higher. However, at a certain density level in the network the
length/width ratio of some individual ﬁber structural elements/segments become too small (<4) and the Tim-
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Fig. 6. The network’s relative macroscopic stiﬀness degradation K=K0 versus relative cumulative number of bond fractures n=N at some
diﬀerent network properties. The black squares show location of peak load in each case. The geometric conﬁguration of the networks are
l=w ¼ 50 (a), l=w ¼ 100 (b) and l=w ¼ 200 (c).
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most ﬁber segments. This behavior is in the numerical solutions reﬂected in too stiﬀ networks at higher
densities.
Even though the investigated theory is based on an assumption of in-plane isotropy, the theory can possibly
be extended to networks having in-plane anisotropic properties because of that the ﬁbers are preferably ori-
ented in one direction; as long as the prevailing fracture mechanism is bond fracture the derived theory yields
also for in-plane anisotropic ﬁber networks. However, it is likely that if ﬁber fracture becomes a signiﬁcant
fracture mechanism the theory must be extended. This is because ﬁber breakage is a directional dependent
fracture mechanism: the fracture plane is perpendicular to the direction of the ﬁber. In that case the micro-
scopic fracture process is not isotropic and (3) goes beyond its limit as it yield only for isotropic material
descriptions.
3.3. Statistical distribution of elastic strain energy k in bonds
In earlier numerical simulations it is reported (cf. Niskanen, 1993) that the local load acting on the bonds is
exponentially distributed over the whole network. The exponential distribution seems to be a general property
of disordered materials where the disorder arises from randomly distributed pores (among others: Zhurkov,
1965; Stepanov et al., 1975; Niskanen, 1993; A˚stro¨m et al., 1994; or Niskanen et al., 1996).
R. Ha¨gglund, P. Isaksson / International Journal of Solids and Structures 45 (2008) 868–878 875Fig. 7 shows typical global distributions among the strain energies present in bonds in a network (here,
q  2400 bonds per unit volume and l=w ¼ 100Þ. Fig. 7a shows the distribution in a nonfractured network
together with an in a least square sense ﬁtted exponential curve (square mean error less than 1:5  103Þ.
Fig. 7b shows the distribution of strain energies when bond fractures evolve in the network and corresponds
to locations a–h in Figs. 4b and 5. For the sake of illustration are the post-peak distributions drawn in a dar-
ker color. As illustrated: at pre-localization (a–e) the distribution of strain energies does not change signiﬁ-
cantly. However, when localization takes place (g–h) the distribution drastically changes. This behavior
conﬁrms a discussion in Niskanen (1993) who stated that the exponential distribution of bond loads in a net-
work is expected to not change signiﬁcantly during the loading/fracture process, except when localization
takes place. As illustrated in Fig. 7b: during the initial loading/fracture process (a–e) some bonds activates
while some breaks but this process only results in an insigniﬁcant small change of the global bond strain
energy distribution in the network. The bonds that become activated are mainly in the lower energy regime
in the network, almost unloaded, while those who break are in the higher energy regimes and consequently
have signiﬁcant impact on the global degradation of the network’s macroscopic stiﬀness. At peak load (local-
ization) the fracture process switches from a random two-dimensional process to a localized one-dimensional
process and, as one may expect, this phenomenon is reﬂected in that the distribution change characteristic,
Fig. 7b. The exponential distribution of bond strain energies present in the network is connected to the param-
eter h in Eq. (2) and will be discussed later in a more detailed way.3.4. The (bond) fracture rate parameter b
Consider Eq. (1), rewritten according toFig. 7.
least se
Fig. 5. ln½1 n=N  ¼ bðW =W 0  1Þ: ð4Þ
The fracture rate parameter bmay be estimated by plotting  ln½1 n=N  against ½W =W 0  1. Fig. 8a shows a
typical curve obtained in simulations. In the special case shown is the geometric conﬁguration l=w ¼ 100 and
the bond density is q  2400 bonds per unit volume. Since the theory is stated to prevail in the pre-localization
phase for n  1, the parameter b is estimated from the slope of the linear part as illustrated in Fig. 8a.
To illustrate the inﬂuence of term h, rewrite (2) on the alternative form b=W 0 ¼ 1=h  q1. Fig. 8b shows
normalized plots of b=W 0 versus q1 for diﬀerent densities and geometric properties of the networks and
for the same load (displacement) increment rate in the computations. The various b, corresponding to the
points in Fig. 8b, are estimated from slopes ﬁtted in a least square sense according to the relation (4) for each
individual case as illustrated in Fig. 8a. The small deviations from a perfectly linear behavior are believed to be
due to the random nature of the networks. The diﬀerent slopes of the curves reﬂects diﬀerent 1=h for, respec-
tively, geometrical case and illustrates the diﬀerences in the statistical distributions among the bond strain
energies present in the networks. This behavior is further illustrated in Fig. 9, which shows the strain distri-
bution among the bonds present in the networks at, respectively, geometrical case as in Fig. 8b. In Fig. 9 are0
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876 R. Ha¨gglund, P. Isaksson / International Journal of Solids and Structures 45 (2008) 868–878the bond densities equal in all three cases, q  2400 bonds per unit volume. One observes that for low l=w
ratios the distribution is relatively ﬂat for high strain energy ratios k=k0 compared to the higher l=w ratios.
Hence, for the same densities, the rate of bond fractures is expected to be relatively lower for low ratios
l=w than for higher ratios, which also can be concluded from Fig. 8b. For higher ratios l=w the distribution
becomes more constant throughout the network and for ultimately high ratios it approaches an even distri-
bution (homogenous). A conclusion one may draw from Fig. 9 is that the lower the ratio l=w becomes (i.e.
a less slenderness of the ﬁber), the larger variations exist among the bond strain energies in the network. In
fact, from a macroscopic point of view, this behavior is reﬂected in the parameter h as discussed in Section
1. It would most likely be possible to mathematically derive a relation between h and the distribution of elastic
bond strain energies present in the network.4. Conclusions
The numerical analysis performed in this investigation, using a ﬁnite element network model, provides a
number of important results regarding the evolution of microscopic fractures in planar random ﬁber networks
where the only active microscopic fracture mechanism is bond fracture. The ﬁbers are randomly distributed in
the network meaning that the network is considered having in-plane isotropic properties on the macroscopic
scale. The network is loaded so that, in an average sense, homogenous macroscopic stress and strain ﬁelds are
present.
The following conclusions are made:
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Fig. A1. A structural bond consists of two circular domains connected by springs. The in-plane translational and rotational displacements
in a Cartesian coordinate system xyz are given by u1  u6.
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ing of an onset parameter and a fracture rate parameter, justifying a theory derived by the authors
elsewhere.
• A fracture rate parameter is linearly related to the inverse of the bond density above a certain density limit
(percolation density).
• The fracture rate parameter increases with increasing slenderness ratio of the ﬁbers when keeping the bond
density at a constant level.
• The strain energies stored in interﬁber bonds are exponentially distributed over the whole network.
• The numerical analysis conﬁrms that there is a linear relation between the ratio of fractured and initial
number of loaded bonds, and the network’s macroscopic material stiﬀness normalized with its pristine stiﬀ-
ness, conﬁrming earlier ﬁndings based on experimental observations.
• At localization the analyzed theory looses its validity because the fracture process is no longer randomly
distributed over the whole network. Localization coincides with location of peak load in force–displace-
ment tensile tests.
Appendix
The derivation of the element stiﬀness matrix for a 2D structural bond follows a theory described in Heyden
(2000). A structural bond connects two nodes that are rigidly coupled at two diﬀerent structural ﬁber beam
elements at a crossing and consist of two circular domains with a diameter equal to the ﬁber width w. The
bond element has vanishing thickness and the two circular domains are connected by shear springs having
the stiﬀness k as schematically illustrated in Fig. A1.
The element stiﬀness matrix Ke, having in-plane translational and rotational stiﬀness, is written on a stan-
dard 6 6 format as:Ke ¼
kAb 0 0 kAb 0 0
0 kAb 0 0 kAb 0
0 0 kIp 0 0 kIp
kAb 0 0 kAb 0 0
0 kAb 0 0 kAb 0
0 0 kIp 0 0 kIp
2
666666664
3
777777775
: ðA1ÞHere, Ab ¼ pw2=4 is the cross-section area of the bond element and Ip ¼ pw4=64 is its polar moment of inertia.
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